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Abstract

A class of shape-invariant bound-state problems which represent transitions in a
two-level system introduced earlier are generalized to include arbitrary energy
splittings between the two levels as well as intensity-dependent interactions.
We show that the coupled-channel Hamiltonians obtained correspond to the
generalizations of the nonresonant and intensity-dependent Jaynes—Cummings
Hamiltonians, widely used in quantized theories of lasers. In this general
context, we determine the eigenstates, eigenvalues, the time evolution matrix
and the population inversion matrix factor.

PACS numbers: 0365F, 0370, 0530, 1130P

1. Introduction

The integrability condition called shape invariance originates in supersymmetrlc quantum
mechanics [1,2]. The separable positive-definite Hamiltonian H, = ATA is called shape-
invariant if the condition

A(a)AT(a)) = AT(a2)A(ar) + R(ar) (1.1)

is satisfied [3]. In this equation a; and a, represent parameters of the Hamiltonian. The
parameter a, is a function of a; and the remainder R(a;) is independent of the dynamical
variables such as position and momentum. Even though not all exactly solvable problems are
shape invariant [4], shape invariance, especially in its algebraic formulation [5—7], has proven
to be a powerful technique to study exactly solvable systems.
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In a previous paper [8] we used shape invariance to calculate the energy eigenvalues and
eigenfunctions for the Hamiltonian

A

H=AA+LA A6+ 1)+ VhQ(6,:A + 6_AT) (1.2)
where
6L = 1(61%i6) (1.3)

and o6;, with i = 1, 2, and 3, are the Pauli matrices.

This is a generalization of the Jaynes—Cummings Hamiltonian [9]. A different, but related,
problem was considered in [10]. Our goal in this paper is to study further generalizations of the
Jaynes—Cummings Hamiltonian, first by introducing a term proportional to o3 with an arbitrary
coefficient (the so-called nonresonant limit) and then by taking into account the dependence of
the coupling on the intensity of the field (the so-called intensity-dependent nonresonant limit).
In addition to the energy levels we study the time evolution and the population inversion matrix
factor.

Introducing the similarity transformation that replaces a; with a, in a given operator

T(a)) O(a) TH (@) = O(az) (1.4)
and the operators

TanT (ar) (1.5)

B, =A
=Bl = T'(a)Aa) (1.6)

B_
the condition of equation (1.1) can be written as a commutator [5]

[B-, B,] = T"(a)R@)T (@) = R(ao) (1.7
where we used the identity

R(a,) = T(a) R(a,-1) T(an) (1.8)

valid for any n. The ground state of the Hamiltonian PAII —ATA = l§+ B_ satisfies the condition

Alyo) = 0= B_ |y) (1.9)
and the unnormalized nth excited state is given by
1) ~ (B1)"[¥0) (1.10)

with the eigenvalue
E=)_ Rla). (1.11)
k=1
We note that the Hamiltonian of equation (1.2) can also be written as
A T 07, [TF 0
H‘[o :I:l}hi[o :I:l} (1.12)

where

hy = B,B_ +1R(ap)(65 + 1) £ VhQ (6.B_ +6_B.). (1.13)
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2. The generalized nonresonant Jaynes—Cummings Hamiltonian

The standard Jaynes—Cummings model, normally used in quantum optics, idealizes the
interaction of matter with electromagnetic radiation by a simple Hamiltonian of a two-level
atom coupled to a single bosonic mode [11-16]. This Hamiltonian has a fundamental
importance to the field of quantum optics and it is a central ingredient in the quantized
description of any optical system involving the interaction between light and atoms. The
Jaynes—Cummings Hamiltonian defines a molecule, a composite system formed from the
coupling of a two-state system and a quantized harmonic oscillator. In this case, its nonresonant
expression can be written as

H=AA+A A6+ 1) +a(GiA+6_A) +hA 6y @.1)
where « is a constant related to the coupling strength and A is a constant related to the detuning
of the system.

However, the harmonic oscillator system, used in this context, is only the simplest
example of a supersymmetric and shape-invariant potential. Our goal here is to generalize
that Hamiltonian for all supersymmetric and shape-invariant systems. With this purpose and
following [8] we introduce the operator

S=6,A+6_A" (2.2)
where the operators Aand A satisfy the shape invariance condition of equation (1.1). Using
this definition we can decompose the nonresonant Jaynes—Cummings Hamiltonian in the form

H=H,+H, (2.3)
where

H, = (2.4a)

Hyo=a S +hA6s. (2.4b)

First, we search for the eigenstates of 2. In this case it is more convenient to work with its
B-operator expression, which can be written as [8]

oo [T 07[B.B, 0 7" 01 _[H 0
S‘[o ilH: 0 B+B”:O il]=[0 Hl] 2:5)

where H, = TB_B,T". Note the freedom of sign choice in equation (2.5), which results in
two possible decompositions of S2. Next, we introduce the states

T 0 1[CHm)

)y m

W= = |:0 :|:li| |:C,§i)|n) (2.6)
where C5) = CSE)[R(ay), R(az), R(a3), .. .] are auxiliary coefficients, and |m) and |n) are the

abbreviated notation for the states |, ) and |,,) of equation (1.10). Using eguations (1.7),(2.5)
and (2.6), the commutation between H; and a function of R(ay), and the T-operator unitarity
condition, we get

gy [T 0 ][BB+R@) 0 1[CEm)
+1 0 B.B_ C,(l:i:)|n>

o N

[T 0 0[& +R@) 07[CPm)
-Lo [ S]]

Using equations (1.8) and (1.11) we can write
T[En+R@)T" =T [R(a)) + R(az) + -+ - + R(ay) + R(ag)] T*
= R(a2) + R(a3) + -+ -+ R(am+1) + R(a1) = Epsr. (2.8)
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Hence the states

T 0 CP\m)
Wy — m =0,1,2,... 2.9
v =[o d[cdaty] &

are the normalized eigenstates of the operator 52
SPIWLE) = Ent [ W10). (2.10)

We observe that the orthonormality of the wavefunctions imply the following relations among
the C:

2
(W) =[] + [ef] =1 2.110)
W) = CEICE - e =0 211

Since $? and Hj, commute then it is possible to find a common set of eigenstates. We can
use this fact to determine the eigenvalues of H;,, and the relations among the C coefficients.
For that we need to calculate

Hiy|W5P) =250 |wio) 2.12)

where )»,(ni) are the eigenvalues to be determined. Using equations (2.2), (2.4) and (2.9), the
last eigenvalue equation can be rewritten in a matrix form as

g TB.N[T o C\m) o[ Cm)
A =1 2.13
¢ [BJT -8 Lo £1]|c®m+1) m | e mey | G

where B = 1A /. Since the C coefficients commute with the Aor AT operators, then the last
matrix equation permits us to obtain the following equations:

[@f — APUTCETHT|m) £a CEOTB m+1) =0 (2.14a)
a(TCPHTHB,m) F [af +21CH im +1) = 0. (2.14b)
Introducing the operator [7]

Q"= (B,B)"'"*B, (2.15)
one can write the normalized eigenstate of H as

|m) = (Q")"10) (2.16)
and with equations (2.15) and (2.16) we can show that [8]

Bilm) = /EpIm + 1) (2.17q)

TB_im+1) = /Epat TIm). (2.17b)
Substituting equations (2.17) into (2.14) we have

{laf — APUTCETT) + a/Eper CE2 N TIm) =0 (2.18a)

{an/Enit TCETT) F [af + 2P 1CE Y m + 1) = 0. (2.18b)

From equations (2.18) it follows that

AE = day/Epyr + B2 (2.19)

and

m+l T
5m+l

3
c® _ <,/€m+1+ﬂ :Fﬂ> (FCOHT. (2.20)
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Equations (2.11) and (2.20) imply that
c® = (2.21)

m+l —

and the eigenstates and eigenvalues of the generalized nonresonant Jaynes—Cummings
Hamiltonians can be written as

E® =&, £/ a2 &y +H2A2 (2.22)

and
. 7 0 C\m)
WD) = [0 ot || c@imy m=0,1,2,.... (2.23)

2.1. The resonant limit

From these general results we can verify two important and simple limiting cases. The first
one corresponds to the resonant situation, for which A = 0 (8 = 0). Using these conditions
in equations (2.11), (2.20) and (2.22) we get

EyY = Enat £ V02 Enn (2.24)
and
N N 1
(®)
C,. = TCr(n:i:)TJr = Cr(n:t) = E (2.25)
Therefore the Jaynes—Cummings resonant eigenstate is given by
1 [T o |m)
By — =
W, )_ﬁ[o :I:l}[|m+l) m=0,1,2,.... (2.26)

These particular results are shown in [8].

2.2. The standard Jaynes—Cummings limit

The second important limit corresponds to the standard Jaynes—Cummings Hamiltonian,

related to the harmonic oscillator system. In this limit we have that T =77 — 1,
B. — 4,B, — 4", A = v — w, and &, = (m + Dho. Using these conditions in
equations (2.11), (2.20) and (2.22) we conclude that

EY = (m+ Dho + \/ @ho(m+1) + 1 (0 — w,)? (227
and

1
Cr<ni+>1 _ y’;ﬂqf) — C,Sf) — _ (2.28)
V1+m?

where

&) = J1+82 F 6, (2.29a)

Ti(w —
by = 2~ @) (2.29b)

v (m+ l)azha)'

Therefore the standard Jaynes—Cummings eigenstate, written in a matrix form, is given by

I‘I’,‘f)>=;[l 0 H ) ] m=0,1,2.... (230)

0 +yW® 1
Jiege L0 F Il

These results are shown in many papers, in particular, in [17].
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3. The time evolution of the nonresonant system

To study the time-dependent Schrodinger equation for a Jaynes—Cummings system in a
nonresonant situation:

.. 0 A A

171§|‘I’(t)> = (H, + Hin) | W (1)) 3.1
we can write the wavefunction as

W (1)) = exp (—iH,t/h) |¥; (1)) (3.2)

and, by substituting this into the Schrodinger equation and taking into account the commutation
property between H, and H;,;, we obtain

0 .
1h5|“pi([)> = Hiy |W; (1)). (3.3
We introduce the evolution matrix IAJ, (t,0):
Wi (1)) = Ui (1, 0) |¥; (0)). 34
which satisfies the equation
d A A
ihEUi(h 0) = Hin Ui(2,0) (3.5
that is, in matrix form, written as
[0, U g TB. [0, U
7 B L I B J11 Ui 36
|:Uﬁ| Uy, B, TT  —p [[Un Un (3.6)
where the primes denote the time derivative. One fast way to diagonalize the evolution matrix
differential equation is by differentiating equation (3.5) with respect to time. We find

92 . N BN 1 ons
ih—U;(t,0) = Hie —U;(1,0) = —H2 U; (1,0 3.7
larz() tat()ihmt() (3.7
which can be written as
[l{f’l l[f’z}z_[c?n OHQII E’H] (3.8)
Uy, U 0 @ ||Un Unxn
where
hdy = a\/f§_§+f"' +p2= \/az Hy + (hA)? (3.9a)
héyy = a\/fgé, +B2 = \/az H, + (hA)2. (3.9b)

Now, since by initial conditions ﬁi 0,0) = I , then we can write the solution of the evolution
matrix differential equation (3.7) as

cos (@) sin (&11) é‘]

sin (@) D cos (@at) (3.10)

&mm=[

and the C and D operators can be determined by the unitarity conditions
U, 001,00 =U;(1,0) U ¢,0) = 1. 311
In appendix A we show that the unitarity conditions (3.11) imply

¢=—bt= A‘m,/ﬁe, (3.120)
(H>)
D=-C". (3.12b)
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Therefore, we can write the final expression of the time evolution matrix of the system as

cos (@11) sin (O11) C
—sin (@2t) CT cos (@at) ] : (3.13)

&mm=[

For Jaynes—Cummings systems an important physical quantity to see how the system
under consideration evolves in time is the population inversion factor [11, 13, 15], defined by
W () = 6,.(t) 6_(t) — 6_(1) 6.(t) = 63(1) (3.14)

where the time dependence of the operators is related to the Heisenberg picture. In this case,
the time evolution of the population inversion factor will be given by

dos (1) . PN
= U, (t,0)[o3, HU;(z, 0) (3.15)
dt ih
and since we have
(63, H] = a[63, 81 = —20 8 63 (3.16)

then equation (3.15) can be written as
dos (1) 2ia $(1)6(0) 3.17)
—_— = — o3(1). .
dr h :

We can obtain a differential equation with constant coefficients for 63(¢) by taking the time
derivative of equation (3.17):

d%65 (1) 2ia [dS (@) . . d63 (1)
—_— = — 1+ S(t) — 3.18
a2 . a o3() +S() a7 (3.18)
Having in mind that
dS@) 1 . A
O _ Lota, 008, M, 0) (3.19)
dr in
and that
[S, H] = af[S, 63] = 208 S 63 (3.20)
we conclude that
dS (1 2iaf 4 .
T QLA (3.21)
Using equations (3.17) and (3.21) in (3.18) we obtain
d263(t) . .
- tOa0 =F0) (3.22)
where
R 42
0= s S? (3.23q)
A 4(;(2/3 At A A
Fo =—70/¢.080:¢,0. (3.23b)

Equation (3.22) corresponds to a non-homogeneous linear differential equation for 63 ()
with constant coefficients since S% and H commute and, therefore, © is a constant of the
motion. The general solution of this differential equation can be written as

&) =610 +67 (1) (3.24)
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and each matrix element of the homogeneous solution satisfies the differential equation

% Pelin =0  jk=1or2 (3.25)
with

ndy =20/ TB_B, Tt = 2\/042 H, (3.26a)

Iy = 201\/ B,B_ =2\/a?H,. (3.26b)
The solution of equation (3.25) is given by

GH(t) = 3;(1) e+ 2;() dji (3.27)
where

$;(t) = cos (V1) (3.28a)

2 (t) = sin (V;1) (3.28b)

and the coefficients ¢ and d % can be determined by the initial conditions.
The matrix elements of the particular solution of the 63(¢) differential equation need to
satisfy

dt2 +0765() = Fir(t) jok=1,o0r2 (3.29)

and they can be obtained by the variation of parameter or by Green function methods, giving

5o = {z ® / A€ $,€) Fin(®) — 3,(1) / de2,8) F k@)} (3.30)

where we used that the Wronskian of the system of solutions y;(f) and Z;(¢) is given by »;.

After we determine the elements of the F'(r) matrix, it is necessary to resolve the integrals
in equation (3.30) to obtain the explicit expression of the particular solution. In appendix B we
show that, using equations (2.2), (3.13) and (3.23), it is possible to conclude that these matrix
elements can be written as

N N
G0 =iz iy TB_{2:(1) GEY(t; Da, 2, @) — $2(2) G55 (85 D2, o, 1)} H,
Y ~ _ A A A N — A A A A A
HD) VAL M510(0) GO (15 D1, s 2) — $1(0) GSL (85 Dy, oy )1 BLT T

(3.31a)
N Y A_ AN A A A N A A A A A
olz<t>=5v,‘ T B_(22(1) GE(t; D, 3, 1) — $2(1) GSt; Dy G, 1) T B

+§ﬁ; A (1) G5 (5 D1, . don) + $1(0) G313 Dy, v dp) M (3.31b)

~ Y A_ AAL A N~ A A~ ~ N~ A A AA
65(1) = Evz‘ B T(51(0) GE(t; D1, @1, @) — 1(1) GS(t: Dy, @1, 2) 1y BoT T
+Zv21H”“{zZ<r)gSS (t; Dy @, 1) — $2(8) G (85 D, @, 1)V A, (3.310)

-)/A—l

G50 =i5 s B, TT{Z1(t) GEU(t; D1, &1, d) — $1(6) GS9 (85 Dy, oy, )}

y _ N N N N _ ~ ~ N A A
HD; SUA M2 () GSE (1 D, @y 1) + 52(0) G (85 Da, 2, )W T B-
(3.31d)
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where y = 4a?B/h?, and the auxiliary functions are given by

with
"2m12)2n t2m+2n+1

AAN ! A ~ _ - __1\m+n d
Fee(t; X, w) :/0 d& cos (x&) cos (w€) = Z( 1) G @m 2+ D)

(3.33a)

m,n=0

t o) )’C‘Zm w2n+1 t2m+2n+2
Fest; &) = / d& cos (5€) sin (0€) = Y (~1y™
e 0 Q) 2n+ D! Cm+2n+2)

(3.33h)

m,n=0

£2m+1

f(f'AA)_/td in (¥&) (w§) = oo(l)m+" o
sc(ti X, w) = | d& sin (x) cos () = 2 (- Qm+ 1! (2n)! Qm +2n+2)

t2m +2n+2

m,n=0
(3.33¢0)
t o £2m+l 12)2n+1 t2m+2n+3
Fes(t; £, ) E/ d& sin (R€) sin (W) = Z (—1)m+ )
S 0 = Qm+ D! 2n+ 1! 2m +2n +3)
(3.33d)
With these results for the particular solution we can conclude that
dér (0)
AP () i
6;;(0)=0= —a (3.34)
Now, using equations (3.17), (3.24), (3.27), (3.34) and the initial conditions, we have
[63(0)];; = &ij (3.35a)
das (0 2l A A
[03—()} = 22 [8(0) 63(0));; = s di- (3.35b)
dr | h

Therefore, the final expression for the elements of the population inversion matrix of the system
can be written as

[63(8)];; = cos (V1) [63(0)];; + 2%0( sin (V;1) 9;_1[5'(0) 3(0)];; + 550). (3.36)

Again, using these final results we can verify two important and simple limit cases.

3.1. The resonant limit

The first one corresponds to the resonant situation (A = 0). Equations (3.9), (3.13), (3.26)
and (3.31) allow us to conclude that, in this case, the evolution matrix of the system is given
by

0t 0) |: cos (3D17) sin (%ﬁlt)é} (3.37)
S [ —sin ($920) Ct  cos (3021) ’

and the elements of the population inversion of the system are

2i N
[63()];; = cos (%;1) [65(0)];; + % sin (%;1) 51 [8(0) 63(0)1;- (3.38)
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3.2. The standard Jaynes—Cummings limit

This second important limit corresponds to the case of the harmomc oscﬂlator system, and in
this limit we have that T = 71 —> 1, B — a, BJr —> atand [4, a'] = hw. With these
conditions the operators @; and &, commute, and this fact permits us to evaluate the integrals
related to the particular solution of the population inversion elements using trigonometric
product relations. Using that and the expressions obtained in appendix B, after a considerable
amount of algebra and trigonometric product relations we can show that it is possible to write
the expressions for the 615 (t) matrix elements as

61 (6) = 1507 ValKs(@: 02, 1. 82) = Kt b, =i, )} (@aH)"
D1 @an) MK s (t; @, &1, D1) — Ks(t; &, — 0y, D) IVaT (3.394)
Gi,(1) = %91_]\/5{’CC(1‘§ 2, @1, Vp) — Ke(t; &2, —a1, 132)}\/5
—%9171(&5”)1/4{’%0; @, &1, D) — Ke(t; én, —an, D}@'@)""*  (3.39b)
&h(t) = —vz‘x/_{icca &2, 1, D) + K (15 &a, —ar, D)WWaT
Eo,1@Ta) K (15 b, @1, B2) — K (ts @n, —an, D)}@GH"  (3.39¢)
G4(1) = 507 VaTCs (13 n. o, ) + K (03 n, —or, DY)
—i%ﬁ;l(a*a)l/“{/cs(z; @, &1, D) + Ks(t; &a, —01, D2)Wa (3.39d)

where, now, the auxiliary functions are given by

Fsin[(p+qg)t] — (p+4q) sin (Fr)

Ks(: p.q.7) = — 5 +0) (3.40a)
n a A T cos[(p+q)t]—F cos(rt)
Ke(t: p.g.7) = AR L (3.400)
—(p+q)

Considering the expressions above we may easily verify that the particular solution for the
population inversion factor must still satisfy the initial conditions (3.34). Therefore, in this
case the final expression for the population inversion factor has the same form given by
equation (3.36), with

hvy = 2avaat hiy, = 2avata (3.41a)
hén = avaat + B2 hén = ayata+ pr. (3.41b)

4. The generalized intensity-dependent nonresonant Jaynes—Cummings Hamiltonian

A variant of the Jaynes—Cummings model takes the coupling between matter and the radiation
to depend on the intensity of the electromagnetic field [13, 15, 16, 18]. This model has great
relevance since this kind of interaction means effectively that the coupling is proportional to
the amplitude of the field, which is a very simple case of a nonlinear interaction corresponding
to a more realistic physical situation. The results of this model can also give insight into
the behaviour of other quantum systems with strong nonlinear interactions. In this section
we generalize the standard intensity-dependent nonresonant Jaynes—Cummings model to a
shape-invariant one.
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The expression for the intensity-dependent nonresonant Jaynes—Cummings Hamiltonian
can be written as

H=A"A+A ANGs +1) +a (&+A VAtA+6 VAIA AT) YN @.1)

Note that here the constant « is dimensionless. To generalize the Hamiltonian (4.1) for
all supersymmetric and shape-invariant systems, we can use the operator S, given by
equation (2.2), and further introduce the operator

S =6, AVATA+6_VATA AT 4.2)
Again, the operators A and A* satisfy the shape invariance condition, equation (1.1). Using

operators S and S; we can decompose the Jaynes—Cummings Hamiltonian of equation (4.1)
in the form

H = H,+ Hy, (4.3)
where

H,=5 (4.4a)

Hy = aS; +hAGs. (4.4b)

In this case, I:[im can be written as
. TB_,/B,B_ TB_\/H
Himzoe[ AAﬁAA * j|=ot|: p 1]. (4.5)
B.B_B.T" —p v Hi B, TT —B
Here we can follow the same development as in section 2, with the same notation. Hence,
using equations (2.2), (2.9), (4.2) and (4.4), the eigenvalue equation

Hip|952) = 250 1w() (4.6)
can be written in matrix form as
P Y | A P IRV O R
Ijllé+f,T _8 0 =1 C,lm+1) "oLC,Im+1)

Again, since the C coefficients commute with the A or A operators, then the last matrix
equation permits us to obtain the following equations:

[@f — APUTCETHT|m) £ a C\TB_\/ Hilm +1) (4.8a)
a(TCETY Ay Bym) F [0 +21C5 im + 1) = 0. (4.8b)

Now, using equations (2.15)—(2.17) we have

TB_\JHm+1)=TB_\/Epm+1)

=V Em+l fé—|m + 1)
= &t Tm) 4.9)

and
H) Bm) =/ H /EpsiIm + 1)

= VEni1\/ Hilm + 1)
= Eprrlm + 1). (4.10)
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Using equations (4.9) and (4.10), then equations (4.8) take the form

{lafp — APUTCETT) + a &1 CEONT|Im) =0 (4.11a)
{0 &t (TCETH F [0f +2P1C5 ) im + 1) = 0. (4.11b)

From equations (4.11) it follows that

AE = +a,/E2,, + B2 (4.12)
82+1 + ﬂZ ﬁ A A
c® = Voma TPEP (TCHTH. (4.13)

m+l T
é‘m+l

and

Equations (2.11) and (4.13) imply that
Crir = Ci (4.14)

and the eigenstates and eigenvalues of the generalized intensity-dependent nonresonant Jaynes—
Cummings Hamiltonian can be written as

ES =& /a2 2, + 1P A2 (4.15)

and
N T 0 C|m)
Wiy = [0 o1 || By m=0,1,2,.... (4.16)

4.1. The intensity-dependent resonant limit

From these general results we can again verify the two simple limiting cases. The first one,
corresponding to the resonant situation, is for A = 0 (8 = 0). Using these conditions in
equations (2.11), (4.13) and (4.15) we can promptly conclude that

E® = (1 +a)&u 4.17)
and
N a 1
€3] i
CHO =TCHT =P = 75 (4.18)
Therefore the intensity-dependent resonant Jaynes—Cummings eigenstate is given by
1L TT o |m)
By — =
|Wm)_ﬁ|:0 :|:1i||:|m+1) m=0,1,2,.... (4.19)

If we compare this last particular result with that found in [8], we conclude that the intensity-
dependent and intensity-independent generalized Jaynes—Cummings Hamiltonians have the
same eigenstates in the resonant situation.

4.2. The standard intensity-dependent Jaynes—Cummings limit

The second limit, corresponding to the standard intensity-dependent Jaynes—Cummings case,
is related to the harmonlc oscillator system. In this limit we have that T =1 — 1,
B. — a, B+ — 4", A = w —w, and Epy; = (m + Dho. Using these conditions in
equations (2.11), (4.13) and (4.15) we can promptly conclude that

E® = (m+ Dho £ hva?or(m + 1)2 + (0 — w,)? (4.20)



Nonresonant and intensity-dependent Jaynes—Cummings systems 1121

and
Cr(ni?l — Vrfli)cr(f) — Cy(n:F) — ; 4.21)
where
y,,ﬁi) =/1+82 F3, (4.22a)
w— o,
On = aw(m +01)' (4:220)

Therefore the standard intensity-dependent Jaynes—Cummings eigenstate, written in a matrix
form, is given by

1 1 0 Im)
)y —
= 1+ 9y [0 :tyn(;b):| [|m+1>]

5. Time evolution of the intensity-dependent nonresonant system

m=0,1,2,.... (4.23)

To resolve the time-dependent Schrodinger equation for intensity-dependent nonresonant
Jaynes—Cummings systems:

a A A
i W) = (Hy + i) 00 G-D

we can again write the state |V (¢)) as it is given by equation (3.2). Then using equations (3.3)—
(3.5), we can write the matrix equation

m[glgﬂ:a[ p 73Hq[@l@ﬂ_ 5.2)
Uy Uy \/HTIEAL?T 8 Uy Unxn

To diagonalize this evolution matrix differential equation we can differentiate equation (3.5)
with respect to time. After that, using equation (3.5), we find

82 . N N 1~y o~
ih—U;(t,0) = Hyp —U;(1,0) = —H> Ui (1,0 5.3
13t2() tat()lhmt() (5.3)
which can be written as
F@ %ﬂ=—[@ P}F“ %ﬂ (5.4)
uj, Uj, 0 @ |[Un Uxn
where
hdy = a\/(fé_1§j+)2 +B2 = \/az H} + (hA)? (5.5a)
hédy = a\/(é+é,)2 + B2 = \/az H? + (hA)2. (5.5b)

Now, using the initial conditions l)} 0,0 = i , we can write the solution of the evolution
matrix differential equation (5.3) as

cos (d)lt)A sin (w;1) C‘]

sin (@2t) D cos (@at) (5.6)

&mm=[
where the € and D operators can be determined by equation (3.11). Following the same
steps used in appendix A, we can conclude that these operators must have the form given by
equations (3.12). So, in this case the final expression of the time evolution matrix U;(z, 0) is
given by equation (3.13) as well.
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To obtain the population inversion factor we can again follow the steps from equation (3.14)
to (3.30), but replacing the operator S by the operator S;. Besides that we have

ndy =2« TB_B, T =20 A, (5.7a)
hdy = 20 B,B_ = 2a H, (5.7b)
instead of equations (3.26). Here, we can again use the development shown in appendix B,
just replacing S by S;, to obtain the explicit form of the matrix elements for the particular
solution of the population inversion factor, given by equation (3.30). So for a shape-invariant

intensity-dependent nonresonant Jaynes—Cummings system, these matrix elements are given
by

~ Y oAl AA N A A N N A A ~
G0 =i T B_{22(6) GEU(t; Da, @, 1) — $2(0) GS3 (85 D, @0, 1)} ;™

+i§v1 H)M20(0) GS2 (85 D1, @1, 2) — $1(0) G (85 Dy, don, o)}y BT
(5.8a)

YAz

G50 = 29, WTB_{22(t) GE(t; D, g, 1) — $2(1) G (15 D2, a, 1) 1y Ha T B

Z“‘H”“{ L) G5 (15 D1, Bt ) + 51(1) G513 D1, dor, )} AN (5.8b)

~ Yart /2 20 A~ A A N N~ A A AL
G5 = 53 W B TTHy {21 (t) GEL(t; D1, 1, ) — $1(8) G (23 Dy, @n, )1y Bo T

+gv2‘H”“{zZ<r>gSS (t; Do, &, @1) — $2(8) Gog (23 Do, o, OVVH,™ (5.8¢)

. 2N PP A 1/4
635(0) =10, Y BT T Hy(21(0) G D1, oy, ) = 51(0) G5 (0 D1, oy, dom)}
HE DT A 22 (0) G0 (8 s . 1) + $2(0) GSL (15 B, oa o) W FLT B
) o) 2 sc \I; V2, w2, W] Y2 cc\l; V2, Wy, Wi 2 —-

(5.8d)

The auxiliary functions, g;iy) (t; p,q, 1), are given by equations (3.32) and (3.33). From
equations (3.34) and (3.35), we have for the elements of the population inversion matrix:

N
(630 = cos (3:1) [63(O)];; + == sin (31) 07 [51(0) 63(0) L + 6.7 0. (5.9)

5.1. The intensity-dependent resonant limit

In this limit we set (A = 0), so the evolution matrix of the system is given by

. B cos (311) sin (%f)]t)é‘
v, 0= |:—sm(2v2t) &t cos (L) (.10

and the elements of the population inversion factor can be written as

2i N
[63()];j = cos (V;1) [63(0)];; + % sin (0;) ;7 '[55(0) 63(0)];;.- (5.11)

5.2. The standard intensity-dependent Jaynes—Cummings limit

For the case of a harmonic oscillator system (f” =77 — 1, B — a, I§+ —> a' and
[a,a%] = hw), we have for the 6.’.) (r) matrix elements the following expressions:

a“(n—l—vl WalKs(t; @n, &1, D2) — Ks(t; @, —én, Da)}@ah)>*
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207 @'Y s 03 0n. 1, B1) — Ks(t: dn —don, DIVGT (5.120)
Gih(1) = Evl WK e (t; &, @1, Dy) — Ke(t; @, —an, D))

—% bl @a"y Ko (t; &, @1, D) — Ke(t: an, —an, dp}@a)'"™*  (5.12b)
Gy, (1) = W{ICC(I Wy, w1, V1) + Kc(t; @y, —01, vl)}\/_

——ﬁ—‘(“)l/“{icc(t @, 1, D) — K (t: @, —an, D)}@a"*  (5.12¢)
Gy (1) = 15\12 W{ICS(I Wy, w1, V1) + Ks(t; @y, —1, V1) }(a a)l/4

_ig L@ta) st @, G, Do) + Ks(ts @2, =01, D))Waata  (5.12d)

where the auxiliary functions, Ks(¢; p, ¢, 7) and K¢ (¢; p, 4, ), are given by equations (3.40).
The final expression for the population inversion factor has the same form given by
equation (5.9), with

hoy =2aaa’ ho, =2adata (5.13q)

héy = ay/(aah? + p2 hén = av/(a7a)? + p2. (5.13b)

6. Conclusions

In this paper we extended our earlier work [8] on bound-state problems which represent two-
level systems. The corresponding coupled-channel Hamiltonians generalize the nonresonant
and intensity-dependent nonresonant Jaynes—Cummings Hamiltonians. In the case of a
nonresonant system, if we take the starting Hamiltonian to be the simplest shape-invariant
system, namely the harmonic oscillator, our results reduce to those of the standard nonresonant
Jaynes—Cummings approach, which has been extensively used to model a two-level atom
single-field mode interaction whose detuning is not null. In addition we have studied time
evolution and population inversion factors of both kinds of generalized systems.

These models are not only interesting on their own account. Being exactly solvable
coupled-channels problems they may help to assess the validity and accuracy of various
approximate approaches to the coupled-channel problems [19].
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Appendix A

Here we give the steps used to obtain the specific form of the operators C and D. Using
equation (3.10) in the unitary condition equation (3.11) we can show that the C and D operators
need to satisfy the following six conditions:

CCT=CiC =1 (A.la)
DD =D'D =1 (A.1D)
DY sin (ént) = —sin (&) C (A.lc)
D cos (&) = — cos (nt) CT. (A.1d)

At this point we can use the following property:

= TB_. (A.2)

Then, with this result we have

TB &2 =\TB_ &ydn=d1\TB & =d>\/TB_ (A.3)
and finally, by induction, we conclude that
TB_ & =a!\/TB_. (A.4)

In the same way,

B oy = BT \Jo2TB_ BT + g2

A

=/ a2B,TTTB_B, Tt + B,TTB%/h

= Je2B,B_B, T+ p2B. T/
= JoBB_+ g2/ BT

=y B, TH. (A.5)

Then, with this result we have

VBTt &% =\ BT & &) = | B,TT &) = &%/ B, T* (A.6)

and finally, again by induction, we get

VBTt &" =@\ BT, (A7)

Using the properties given by equations (A.4) and (A.7) and the forms of the Cand D operators,
defined by equations (3.12), we can verify that

ne man (—i 1 -1
C'=D'D=——\/TB_/B,T? = H, =1 (A.8)
1/4 1/4 A 1/4 A 1/4

H2 H2

Yy
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and
At A A ns A A’k(_i) i A A 5ot 1 A 1
C'C=DD'=+B.T ~17d A TB_ =+/B.T = H, — =1. (A9)
Hy'" H Ny:A BT
Also, using the series expansion of the trigonometric functions, we can show that
R ) . (wzt)2n+1
DT sin (@yt) = — "
(@nt) = 1/4\/ Z( ' G
(w t)2n+1
= 1/4 Z( Dk
(2 +1)!
(wlt)2n+1F
n
= TB
'/4 Z( D 2n+1)!
- i( @07 S i
= Cn+1)! g A1/4
= —sin (1) c (A.10)

where we used the commutation between H, and &; (see appendix B). In the same way we

can prove that

. PR R (@11)"
~ . t__ —1*
D cos(wt) = \/BJTI_AIW Z( D (2n)!

2 n=0

" (I
_Z( D BT 2n)! g 1/4

o™ [
:Z( VGt VBT g

= — cos (@yt) c.

Again, we used the commutation between H, and &,.

Appendix B

(A.11)

In this appendix we show the necessary steps to obtain the explicit expressions of the
particular solution elements of the population inversion factor. To resolve the integrals in
equation (3.30), first we need to determine the elements of the F'(¢) matrix. To do that we can

use equations (2.2), (3.13) and (3.23) to write down

Fii(t) = —y{cos (@1) TB_ sin (&xt) CT + C sin (@at) B.TT cos (1)}

=iy {\/ TB_ cos (&nt) sin (O11) Hl/4 H21/4 sin (@1t) cos (wat) I§+f*}

Fio(t) = y{cos (1) TB_ cos (ént) — C sin (&ot) B, TT sin (&) C)

= y{\/ T B_ cos (&nt) cos (O11)\TB_ + ﬁzl/4 sin (@;t) sin (@,t) ﬁf“}

(B.1a)

(B.1b)
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B () = y{cos (@rt) B,T" cos (&1t) — CT sin (&11) T B_ sin (&nt) CT}
= y{\/ﬁ cos (w1t) cos (wat) 1§+7A"T+I-}11/4 sin (wyt) sin (w;t) 1:121/4}
(B.1¢)
Fy(t) = y{CA‘* sin (&11) T B_ cos (&t) + cos (ant) BT sin (&) C}
=iy {\/E cos (d11) sin (@1t) 1’3111/4 - 1‘:111/4 sin (@t) cos (O11) f“é_}
(B.1d)

where y = 40’ B /hz. Here we used the properties (A.1), (A.4) and (A.7), together with the
following operators relations:

C\B,T7=—TB_C"=iA,"* (B.2a)
B,77C =-C'\/TB =iA"" (B.2b)

Now, keeping in mind that [V;,®;] = 0, (j = 1, or 2), we may use the trigonometric
relationships involving products of trigonometric functions with arguments ¥;¢ and &, (since
we have exp (V1) exp (£®;t) = exp[(D; £ @®;)r]). Then, using those relationships, the
following commutators:

(D1, Hal = (@1, Hal = [2, Hi] = [@n, Hi]1 =0 (B.3)
and the same properties (1), (A.4) and (A.7), we can show that
$1(0) Fi () = i% T B_{cos [(Dy — @n)t] sin (@11) + cos [(Dy + dy)1] sin (&12)}H,'*

+igﬁ2‘/4{sin [(D1 — ®1)] cos (@at) — sin [(Dy + @1)t] cos (@at) W BT

(A.4a)
$1(1) Frat) = % T B_{cos [(Dy — @n)t] cos (d11) + cos [(Dy + én)t] cos (1) T B

+§ﬁ21/4{sin [(D1 + @1)1] sin (&1) — sin [(Dy — @1)1] sin (@20)}H, " (A.4b)

$2(t) Boi (1) = % B, Tt{cos [(D; — &1)t] cos (dnt) + cos [(Dy + d1)t] cos (Gat)}/ BoT

+%I-}]1/4{sin [(Dy + @2)t] sin (&17) — sin [(Dy — dn)e] sin (@10} H,* (Ade)
$o(t) Fon(t) = i% B, Tt{cos [(Dy — @))t] sin (@nf) +cos [(Dy + dy)1] sin (&,1)} A,
+i%ﬁ11/4{sin [(D2 — @n)t] cos (@) — sin [(Dy + )] cos (&18) W/ T B_.
(A.4d)
In a similar way, we can show that
~1/4

200) Fr(0) = i% T B_{sin [(Dy — @,)t] sin (&1) + sin [(Dy + @)1] sin (@17)}H,

—i%ﬁzw{cos [(D) — @1)t] cos (@nt) — cos [(Dy + @1)t] cos (@nt)ly BT

(B.5a)
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20(0) Fra(t) = % T B_{sin[(Dy — é&n)t] cos (@11) + sin [(Ds + @n)t] cos (1) T B_

—gﬁ;/“{cos [(D1 + d1)1] sin (&) — cos [(D; — d1)1] sin (1)} H,"* (B.5b)

22(I)F21(t)=§ B, TH{sin [(D; — &1)t] cos (dat) + sin [(Dy + d1)t] cos (@nt)}/ BT

—%I-}:M{cos [(D2 + @0)t] sin (w1t) — cos [(D, — @y)t] sin (c?)lt)}I:Izl/4 (B.5¢)

25(t) P (t) = i% B, Tt{sin [(D; — é)t] sin (@t) + sin [(D) +@)t] sin (@)} H, "
—i%ﬁf/“{cos [(Dy — y)t] cos (O11) — cos [(Dy + d)t] cos ()} T B-_.
(B.5d)

The non-commutativity between the operators @; and @, implies that to calculate the
integrals involving the terms given by equations (B.4) and (B.5) we need to use the series
expansion of the trigonometric functions. In this case the integrals can be easily done because
the time variable can be considered as a parameter factor. Finally, using these results in
equation (3.30) is trivial to find the expression (3.31) for the matrix elements of the particular
solution.

References

[1] Witten E 1981 Nucl. Phys. B 188 513
[2] For a recent review see Cooper F, Khare A and Sukhatme U 1995 Phys. Rep. 251 267
[3]1 Gendenshtein L 1983 Pis. Zh. Eksp. Teor. Fiz. 38 299 (Engl. Transl. JETP Lett. 38 356)
[4] Cooper F, Ginocchio J N and Khare A 1987 Phys. Rev. D 36 2458
[5] Balantekin A B 1998 Phys. Rev. A 57 4188
[6] Chaturvedi S, Dutt R, Gangopadhyaya A, Panigrahi P, Rasinariu C and Sukhatme U 1998 Phys. Lett. A 248 109
[7] Balantekin A B, Candido Ribeiro M A and Aleixo A N F 1999 J. Phys. A: Math. Gen. 32 2785
[8] Aleixo A N F, Balantekin A B and Candido Ribeiro M A 2000 J. Phys. A: Math. Gen. 33 3173
[9] Jaynes E T and Cummings F W 1963 Proc. IEEE 51 89
[10] Codriansky S, Cordero P and Salamo S 1995 Z. Phys. A 353 341
[11] Buck B and Sukumar C V 1981 Phys. Lett. A 81 132
[12] Gerry C C 1988 Phys. Rev. A 37 2683
[13] Chaichian M, Ellinas D and Kulish P 1990 Phys. Rev. Lett. 65 980
[14] Deb B and Ray D S 1993 Phys. Rev. A 48 3191
[15] Sukumar C V and Buck B 1984 J. Phys. A: Math. Gen. 17 885
[16] Buzék V 1989 Phys. Rev. A 39 3196
[17] Louisell W H 1973 Quantum Statistical Properties of Radiation (New York: Wiley) chapter 5
[18] Rybin A, Miroshnichenko G, Vadeiko I and Timonem J 1999 J. Phys. A: Math. Gen. 32 8739
[19] Balantekin A B and Takigawa N 1998 Rev. Mod. Phys. 70 77



